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Abstract—This paper is devoted to a study of interpolatory refinable functions. If
a refinable function φ on Rs is continuous and fundamental, i.e., φ(0) = 1 and
φ(α) = 0 for α ∈ Zs\{0}, then its corresponding mask b satisfies b(0) = 1 and
b(2α) = 0 for all α ∈ Zs\{0}. Such a refinement mask is called an interpolatory
mask. We establish the existence and uniqueness of interpolatory masks which are
induced by masks of box splines whose shifts are linearly independent. Ó 2000
Academic Press
In this paper we are concerned with fundamental and refinable functions with compact
support. A function φ on Rs is said to be fundamental if φ is continuous, φ(0) = 1, and
φ(α)= 0 for all α ∈ Zs\{0}. A function φ is said to be refinable if it satisfies the following
refinement equation,
φ =
∑
α∈Zs
a(α)φ(2 · −α), (1)
where a is a finitely supported sequence on Zs , called the refinement mask.
In order to solve the refinement equation (1), we start with an initial function φ0 given
by
φ0(x1, . . . , xs)=
s∏
j=1
χ(xj ), (x1, . . . , xs) ∈Rs,
where χ is the hat function given by χ(t) := max{1 − |t|,0}, t ∈ R. Then we employ
the iteration scheme Qnaφ0, n = 0,1,2, . . . , where Qa is the cascade operator on C(Rs )
defined by
Qaf :=
∑
β∈Zs
a(β)f (2 · −β), f ∈C(Rs ).
This iteration scheme is called a cascade algorithm. We say that the cascade algorithm
associated with a converges uniformly if there exists a continuous function φ on Rs such
that
lim
n→∞
∥∥Qnaφ0 − φ∥∥∞ = 0. (2)
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If this is the case, then the limit function φ is a solution of the refinement equation (1) and
φ is compactly supported.
It can be easily verified (see [2, 9]) that
Qnaφ0 =
∑
α∈Zs
an(α)φ0
(
2n · −α),
where the sequences an (n= 1,2, . . .) are given by the iteration scheme
a1 = a and an(α)=
∑
β∈Zs
a(α − 2β)an−1(β), α ∈ Zs .
If there exists a continuous function φ on Rs such that (2) holds, then we have
sup
k∈Zs
∣∣∣∣φ( k2n
)
− an(k)
∣∣∣∣→ 0 as n→∞.
In other words, the subdivision scheme associated with the mask a converges (see [2]).
Conversely, if the subdivision scheme associated with the mask a converges, then the
cascade algorithm associated with a converges.
If a compactly supported function φ is fundamental and satisfies the refinement
equation (1) with a finitely supported mask a, then the mask a must satisfy∑
α∈Zs
a(α)= 2s (3)
and
a(0)= 1 and a(2α)= 0 ∀α ∈ Zs\{0}. (4)
Note that Eq. (3) is a necessary condition for convergence of the subdivision scheme
associated with a. Moreover, if the subdivision scheme converges, then (4) is equivalent
to the interpolation property that φ(0) = 1 and φ(α) = 0 for all α ∈ Zs\{0}. A finitely
supported sequence a is called an interpolatory refinement mask if it satisfies both (3)
and (4).
Let a be an interpolatory refinement mask. If the subdivision scheme associated with a
converges uniformly, then the limit function is fundamental. The subdivision scheme is
said to be a Ck interpolatory subdivision scheme if it converges to a function in Ck(Rs).
The first C1 interpolatory subdivision scheme on R, was constructed by Dubuc [7]. His
mask is given by
a(0)= 1, a(1)= a(−1)= 9/16, a(3)= a(−3)=−1/16,
and a(α) = 0 for α ∈ Z\{−3,−1,0,1,3}. Later, Deslauriers and Dubuc [6] proposed
a general method to construct symmetric interpolatory subdivision schemes. In [13],
Micchelli discussed connections of the schemes in [6] with the Daubechies orthogonal
wavelets (see [5]).
The interpolatory masks constructed by Deslauriers and Dubuc are induced by cardinal
B-splines. Let us recall the definition of cardinal B-splines. We define M1 to be the
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characteristic function of the interval [0,1) and, for m≥ 2, define recursively
Mm(x) :=
∫ 1
0
Mm−1(x − t) dt, x ∈R.
It follows from the definition that Mm is supported on [0,m] and Mm(x) > 0 for 0< x <
m. For each j ∈ Z, Mm agrees with a polynomial of degree at most m− 1 on the interval
(j, j + 1). Moreover,Mm is refinable,
Mm(x)=
∑
j∈Z
hm(j)Mm(2x − j), x ∈R,
where the mask hm is given by∑
j∈Z
hm(j)z
j = (1+ z)m/2m−1, z ∈C\{0}.
In general, the symbol of a finitely supported sequence c on Zs is defined by
c˜(z)=
∑
β∈Zs
c(β)zβ, z ∈ (C\{0})s.
The result of Deslauriers and Dubuc [6] can be restated as follows (see [10]). For each
m= 1,2, . . . , there exists a unique interpolatory mask bm supported in [1− 2m,2m− 1]
such that bm is symmetric about the origin and its symbol b˜m(z) is divisible by (1+ z)2m.
Furthermore, it was proved in [6] that the subdivision scheme associated with the mask bm
converges uniformly.
The convolution of two finitely supported sequences b and c on Zs is defined by
b ∗ c(α) :=
∑
β∈Zs
b(α− β)c(β), α ∈ Zs .
Evidently, the symbol of b ∗ c is b˜(z)c˜(z).
Box splines are natural extensions of cardinal B-splines to multidimensional spaces.
See [1] for a comprehensive study of box splines. Let Y = {y1, . . . , yn} be a multiset of
vectors in Rs . The box spline BY associated with Y is defined to be the distribution given
by
〈BY ,ϕ〉 =
∫
[0,1)n
ϕ
(
y1u1 + · · · + ynun
)
du1 · · · dun, ϕ ∈C(Rs ).
It is known that BY is continuous if and only if Y\{y} spans Rs for each y ∈ Y . The box
spline BY is compactly supported. Its support suppBY is
[[Y ]] :=
{
n∑
j=1
yjuj : 0≤ uj ≤ 1 for j = 1, . . . , n
}
.
The interior of [[Y ]] is denoted by Int [[Y ]]. If s = 1 and Y consists of 1 repeated n times,
then BY = Bn, the cardinal B-spline of order n. Throughout this paper we assume that
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y1, . . . , yn belong to Zs . Then BY is refinable,
BY (x)=
∑
α∈Zs
aY (α)BY (2x − α), x ∈Rs ,
where the mask aY is given by
∑
α∈Zs
aY (α)z
α = 1
2n−s
n∏
j=1
(
1+ yj · z), z ∈ (C\{0})s. (5)
Clearly, aY is supported on [[Y ]] ∩ Zs ; that is, aY (α) = 0 for all α ∈ Zs\[[Y ]].
Recall that, for y = (y1, . . . , ys) ∈ Rs and z = (z1, . . . , zs) ∈ Cs , y · z is defined as
y1z1 + · · · + yszs . Moreover, the norm of a vector x = (x1, . . . , xs) ∈ Rs is defined by
|x| := (x21 + · · · + x2s )1/2, and the distance between two subsets A and B of Rs is denoted
by dist (A,B).
Let e1 and e2 be the two unit coordinate vectors in R2. For nonnegative integers r , s,
and t , let
Yr,s,t := {e1, . . . , e1︸ ︷︷ ︸
r
, e2, . . . , e2︸ ︷︷ ︸
s
, e1 + e2, . . . , e1 + e2︸ ︷︷ ︸
t
},
and let Br,s,t be the box spline associated with Yr,s,t . In particular, B1,1,1 is a piecewise
linear function supported on the hexagon{
(x1, x2) ∈R2 : 0≤ x1 ≤ 2, 0≤ x2 ≤ 2, −1≤ x2 − x1 ≤ 1
}
.
Moreover, B1,1,1(1,1)= 1 and B1,1,1(x1, x2) = 0 for all (x1, x2) ∈ Z2\{(1,1)}. Let φ :=
B1,1,1(· + (1,1)). Then φ is refinable and the symbol of its refinement mask is
1
2
z−11 z
−1
2 (1+ z1)(1+ z2)(1+ z1z2).
In [8], Dyn et al. constructed a refinement mask b supported on [−3,3]2 such that b is
symmetric about the origin and
b˜(z1, z2)= 12z
−1
1 z
−1
2 (1+ z1)(1+ z2)(1+ z1z2)q(z1, z2),
where q(z1, z2) is a Laurent polynomial.
The box spline Br,r,r is refinable,
Br,r,r =
∑
α∈Z2
ar,r,r (α)Br,r,r (2 · −α),
where
a˜r,r,r (z1, z2)= 123r−2 (1+ z1)
r (1+ z2)r (1+ z1z2)r .
In [14], Riemenschneider and Shen showed that, for 1≤ r ≤ 8, there exists an interpolatory
mask br supported on [1− 2r,2r − 1]2 such that br is symmetric about the origin and
b˜r (z1, z2)= 123r−2 (1+ z1)
r(1+ z2)r(1+ z1z2)rqr(z1, z2),
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where qr(z1, z2) is a Laurent polynomial. A question naturally arises. Does this conclusion
hold for all r ∈ N? In this note we will give an affirmative answer to this question. In
fact, we will establish a much more general result on interpolatory subdivision schemes
generated by box splines.
Let Y be a multiset of vectors in Zs , and let BY be the box spline associated with Y .
Suppose f is a compactly supported distribution on Rs such that the function φ := BY ∗f ,
the convolution of BY and f , is continuous and fundamental. Then the shifts of φ are
linearly independent; i.e.,∑
α∈Zs
c(α)φ(· − α)= 0 H⇒ c(α)= 0 ∀α ∈ Zs .
Consequently, the shifts of BY are also linearly independent. It was proved in [3, 11] that
the shifts of BY are linearly independent if and only if any basis in Y has determinant±1.
Moreover, it was shown in [4, 12] that the shifts of BY are linearly independent if and only
if they are locally linearly independent; that is, for any nonempty open subset G of Rs , the
set {
BY (· − α) :α ∈ Zs , G∩ suppBY (· − α) 6= ∅
}
is linearly independent.
We are in a position to state the main result of this paper.
THEOREM. Let BY be the box spline associated with a multiset Y of vectors in Zs , and
let aY be the corresponding mask given by (5). Suppose BY is symmetric about the origin
and the origin is an interior point of its support. If, in addition, the shifts of BY are linearly
independent, then there exists a unique sequence h supported on K := Zs ∩ Int[[Y ]] such
that b := aY ∗ h is an interpolatory mask. Moreover, b is symmetric about the origin.
Clearly, this theorem covers the aforementioned results in [8, 14].
The proof of the theorem is based on a study of the subdivision and transition operators.
Let `(Zs) denote the linear space of all sequences on Zs , and let `0(Zs ) denote the linear
space of all finitely supported sequences on Zs . The subdivision operator Sa is the linear
operator from `(Zs ) to `(Zs) defined by
Sau(α)=
∑
β∈Zs
a(α− 2β)u(β), α ∈ Zs , u ∈ `(Zs ),
and the transition operator Ta is the linear operator from `0(Zs) to `0(Zs) defined by
Tav(α)=
∑
β∈Zs
a(2α− β)v(β), α ∈ Zs , v ∈ `0(Zs ).
Let φ be a compactly supported distribution on Rs satisfying the refinement equation (1).
For u ∈ `(Zs ) we have∑
β∈Zs
u(β)φ(· − β)=
∑
β∈Zs
u(β)
∑
γ∈Zs
a(γ )φ(2 · −2β − γ )
=
∑
α∈Zs
∑
β∈Zs
a(α− 2β)u(β)φ(2 · −α).
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It follows that ∑
β∈Zs
u(β)φ(· − β)=
∑
α∈Zs
(Sau)(α)φ(2 · −α). (6)
For a finite subsetE ofZs , we denote by `(E) the linear space of all sequences supported
on E. Let a = aY be the refinement mask corresponding to the box spline φ := BY . With
K := Zs ∩ Int[[Y ]], we claim that `(K) is invariant under the transition operator Ta . To
justify our claim, let v ∈ `(K) and consider Tav. If Tav(α) 6= 0 for some α ∈ Zs , then there
exists some β ∈ Zs such that a(2α − β) 6= 0 and v(β) 6= 0. It follows that 2α − β ∈ [[Y ]]
and β ∈ Int[[Y ]]. Consequently,
α = (2α− β + β)/2 ∈ Int[[Y ]] ∩Zs =K.
This shows that Ta maps `(K) to `(K). Let 0 := [[Y ]] ∩ Zs . Then the same reasoning
shows that `(0) is also invariant under the transition operator Ta .
Proof of the theorem. Let φ := BY and let a = aY be the refinement mask
corresponding to the box spline BY . We first show that the matrix (a(2α − β))α,β∈0 is
invertible. Since the box spline BY is symmetric about the origin, we have(
a(2α− β))
α,β∈0 =
(
a(−2α+ β))
α,β∈0.
The latter matrix is the transpose of the matrix (a(α− 2β))α,β∈0 .
Suppose (c(β))β∈0 satisfies∑
β∈0
a(α− 2β)c(β)= 0 ∀α ∈ 0. (7)
Set c(β)= 0 for β ∈ Zs\0. By (6) we have∑
β∈Zs
c(β)φ(· − β)=
∑
α∈Zs
(Sac)(α)φ(2 · −α). (8)
Note that [[Y ]] is a compact set and Zs\[[Y ]] is a closed set. Hence,
r := dist([[Y ]],Zs\[[Y ]])> 0.
Suppose |x| < r/2. For α ∈ Zs\0 = Zs\[[Y ]] we have 2x − α /∈ [[Y ]]. It follows that
φ(2x − α) = 0. For α ∈ 0, we have (Sac)(α) = 0 by (7). Taking (8) into account, we
obtain ∑
β∈Zs
c(β)φ(x − β)= 0 ∀x ∈G, (9)
where G := {x ∈ Rs : |x| < r/2}. Note that φ(· − β) |G 6= 0 for every β ∈ 0. By the
local linear independence of the box spline BY , it follows from (9) that c(β)= 0 for all
β ∈ 0. This shows that the matrix (a(α−2β))α,β∈0 is invertible. Consequently, the matrix
(a(2α− β))α,β∈0 is invertible.
We have shown that the transition operator Ta maps `(0) one-to-one and onto `(0).
Recall that `(K) is a subspace of `(0) and is invariant under Ta . Hence, Ta maps `(K)
one-to-one and onto `(K). Therefore, the matrix (a(2α − β))α,β∈K is invertible. Thus,
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there exists a unique sequence h ∈ `(K) such that∑
β∈K
a(2α− β)h(β)=
{
1 for α = 0
0 for α ∈K\{0}.
Let b := a ∗h. It follows that b(0)= 1 and b(2α)= 0 for all α ∈ Zs\{0}. Moreover, by the
uniqueness of h, we have h(−α) = h(α) for all α ∈ Zs . Hence, b is symmetric about the
origin.
Since Y spans Rs , the box spline BY is integrable. Moreover, since the shifts of BY are
linearly independent, the subdivision scheme associated with the mask a = aY converges
in the L1 norm (see [9]). Therefore, a satisfies the basic sum rule (see [2]):∑
γ∈Zs
a(2γ − β)= 1 ∀β ∈ Zs .
Consequently,
1=
∑
γ∈Zs
b(2γ )=
∑
γ∈Zs
∑
β∈Zs
a(2γ − β)h(β)=
∑
β∈Zs
(∑
γ∈Zs
a(2γ − β)
)
h(β)=
∑
β∈Zs
h(β).
Therefore, we obtain ∑
α∈Zs
b(α)=
∑
α∈Zs
∑
β∈Zs
a(α− β)h(β)= 2s .
The above arguments demonstrate that the mask b is interpolatory.
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